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Abstract. We investigate mechanisms satisfying strategyproofness, efficiency of decision, and

either one of two equity notions, no-envy and egalitarian equivalence. Both equity notions are

compatible with strategyproofness and efficiency of decision but they give rise to different subsets

of VCG mechanisms. Furthermore, while no-envy is compatible with budget balancedness or

weak group strategyproofness, egalitarian equivalence is not compatible with either.
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1. Introduction

Queueing models have been analyzed extensively in the literature both from a normative point

of view (see Chun [4], [5] and Maniquet [14]) as well as from a strategic point of view (see Kayi

and Ramaekers [13], Mitra [15] and Mitra and Mutuswami [16]). Its pervasiveness has been

argued by many authors (see, for example, Maniquet [14]). Our objective in this paper is to

combine the strategic and normative approaches; in particular, we are interested in mechanisms

that have nice strategic and fairness properties for the queueing model with a single server,

linear waiting costs and quasi-linear preferences.1 Our efforts are in the same direction as Kayi

and Ramaekers [13] but we depart from them in not requiring that the mechanism be Pareto

efficient.

Our main strategic notion is strategyproofness. This requires that an agent not have incentives

to misrepresent his waiting cost no matter what he believes other agents to be doing. We use

two well-known fairness notions: no-envy and egalitarian equivalence. No-envy, introduced by

Foley [10], requires that no agent would prefer someone else’s assignment to his own. It has been

analyzed in many different context (see, for example, Alkan, Demange and Gale [1], Fleurbaey

and Maniquet [9], Svensson [23] and Tadenuma and Thomson [24]). Egalitarian equivalence was

introduced by Pazner and Schmeidler [21] and is based on the idea that all individuals should
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1In the context of assignment of costly task, such a combined analysis of strategic and fairness properties was
done by Atlamaz and Yengin [2].
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be placed in a situation which is Pareto-indifferent to a perfectly egalitarian allocation. It has

also been analyzed in many contexts (see, for example, Demange [7], Dutta and Vohra [8], and

Thomson [25]).

In our analysis, we impose the restriction that the mechanism satisfies efficiency of decision.

This means that the queue is chosen to minimize the sum of the (announced) waiting costs of the

agents. Since we know from Svensson [23] (for economies with indivisible goods), and from Chun

[4] (for the queueing model) that no-envy implies efficiency of decision, the restriction of efficiency

of decision is not binding for the analysis of no-envy and strategyproof mechanisms. However,

the restriction of efficiency of decision is binding for our analysis of egalitarian-equivalent and

strategyproof mechanisms. We use this restriction to make a meaningful comparison between

egalitarian-equivalence and no-envy.

A classic result due to Hölmstrom [12] implies that in our context, a mechanism satisfies

strategyproofness and efficiency of decision if and only if it is a Vickrey-Clarke-Groves (VCG)

mechanism. It follows that imposing equity criteria like no-envy or egalitarian equivalence gives

us subsets of VCG mechanisms. The central message of our paper is that the two fairness criteria

give us very different subsets: indeed, we show in Proposition 4.1 that no-envy and egalitarian

equivalence are not compatible if there are at least four agents.2 Furthermore, we argue that

no-envy gives a “bigger” subset than egalitarian equivalence (in a sense that we will make precise

later on).

We start by looking at no-envy mechanisms. We first characterize the mechanisms satisfy-

ing no-envy. This result generalizes Chun’s earlier result (see Chun [4]). Next, we completely

characterize the mechanisms satisfying no-envy and strategyproofness. We then identify a sub-

class of no-envy and strategyproof mechanisms that we call E∗-VCG mechanisms. This class is

quite intuitive as the transfer of each agent is a weighted sum of all other agents’ waiting cost.

The weights attached to the predecessors of an agent (in the queue) are non-negative while the

weights attached to the successors of an agent (in the queue) are non-positive. Moreover, these

weights are profile independent.

The class of E∗-VCG mechanisms contain many important mechanisms. Both the pivotal and

the reward-based pivotal mechanisms belong to this class. By adding appropriate independence

axioms (that were introduced by Chun [5] and Maniquet [14]) we give alternative characteriza-

tions of these mechanisms. The ‘symmetrically balanced’ VCG mechanism also belongs to this

class. Kayi and Raemakers [13] show this mechanism is the only one that is budget balanced

in the set of strategyproof and no-envy mechanisms.3 We provide an alternate and simpler

proof of their result. Finally, the class of E∗-VCG mechanisms include mechanisms that are

2It is worth noting that this result does not use any other restriction.
3See Suijs [22] and Mitra [15] also.
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weakly group strategyproof.4 We show that the k-pivotal mechanisms, introduced and shown

to be weak group strategyproof in Mitra and Mutuswami [16], belong to the E∗-VCG class of

mechanisms.

Taken together, our results show E∗-VCG mechanisms are compatible with additional prop-

erties like budget balancedness or stronger notions of non-manipulability such as weak group

strategyproofness.

We then turn to egalitarian equivalent mechanisms. We show that in the queueing context,

no-envy and egalitarian equivalence are incompatible if there are at least four agents. The

incompatibility of no-envy and egalitarian equivalence for the problem of assignment of objects

in a general quasi-linear framework with three agents was proved by Thomson [25]. However,

the subset of mechanisms satisfying egalitarian equivalence, strategyproofness and efficiency of

decision is non-empty; indeed, we completely characterize this subset in Theorem 4.1. We go

on to show that in general, these mechanisms satisfy neither budget balance nor weak group

strategyproofness.5

2. The model

Let N = {1, . . . , n}, n ≥ 2 be the set of agents. Each agent has one job to process and the

machine can process only one job at a time. Each job takes the same amount of time to process.

Each agent is identified with a waiting cost θi ∈ <+, the cost of waiting per unit of time. The

profile of waiting costs of the set of all agents is typically denoted by θ = (θi)i∈N ∈ <n+. For any

i ∈ N , θN\{i} denotes the profile (θ1, . . . , θi−1, θi+1, . . . , θn).

A queue is an onto function σ : N → {1, . . . , n}. If agent i’s queue position is σi, then she

incurs a waiting cost of (σi − 1)θi. Let Σ(N) denote the set of all possible queues of agents in

N .

Given any σ ∈ Σ(N), define for all i such that σi < n, the immediate successor of i as

the agent whose queue position is σi + 1. Similarly, for all i such that σi > 1, the immediate

predecessor of i is the agent whose queue position is σi − 1. We denote these agents as s(i) and

p(i) respectively. The set of all predecessors of i is Pi(σ) = {j ∈ N | σj < σi} and the set of all

successors of i is P ′i (σ) = {j ∈ N | σj > σi}. When the context is clear, we abuse notation by

simply referring to Pi and P ′i . Finally, define N (n)(σ) = {l ∈ N | σl 6= n}.

Definition 2.1. A queue σ ∈ Σ(N) is efficient for θ ∈ <n+ if

σ ∈ argminσ′∈Σ(N)

∑
i∈N

(σ′i − 1)θi.

4The concept of weak group strategyproofness is also well-known (see Bogomolnaia and Moulin [3] and Mutuswami
[19]).
5As a matter of fact, these mechanisms don’t even satisfy pairwise strategyproofness which only requires immunity
against deviations by coalitions of size at most two.
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For a profile θ, let E(θ) ⊆ Σ(N) be the set of queues satisfying the following condition:

(1) ∀i, j ∈ N : if θi > θj , then σi < σj .

Note that E(θ) is non-empty.6

Proposition 2.1. A queue σ is efficient for θ ∈ <n+ if and only if σ ∈ E(θ).

The proof is obvious and hence omitted. Proposition 2.1 says that any queue that orders the

agents in the non-increasing order of their waiting costs is efficient.

We refer to the queueing model as G = (N,<+) where N = {1, . . . , n} is the set of agents and

<+ is the non-negative orthant of the real-line denoting the common domain of waiting costs

of the agents. A mechanism µ = (σ, t) for the queueing model G associates to each profile θ, a

tuple µ(θ) ≡ (σ(θ), t(θ)) = ((σ1(θ), t1(θ)), . . . , (σn(θ), tn(θ)) ∈ Σ(N)×<n where for each i ∈ N ,

σi(θ) is the queue position of agent i and ti(θ) is the corresponding transfer. We denote agent

i’s allocation as µi(θ). Let ui(µi(θ), θ
′
i) = −(σi(θ) − 1)θ′i + ti(θ) be the utility of agent i when

the announced profile is θ and his own waiting cost is θ′i.

Remark 2.1. Since E(θ) can be a correspondence, our definition of a mechanism implicitly

assumes the existence of a tie-breaking rule which selects an efficient queue whenever there is

more than one such queue. So whenever we specify σ(θ) ∈ E(θ) we mean that there is an

underlying tie-breaking rule that picks a single σ(θ) from the efficiency correspondence E(θ). In

general, pick θ ∈ <n+ and S ⊆ N . We specify σ(θS) ∈ E(θS) to mean that there is an underlying

tie-breaking rule that picks a single σ(θS) from the efficiency correspondence E(θS) where E(θS)

is the efficiency correspondence associated with the restricted profile θS ∈ <|S|+ obtained from θ.

Definition 2.2. A mechanism µ satisfies no-envy (NE) if for all θ ∈ <n+, all i ∈ N , and all

j ∈ N \ {i}, ui(µi(θ); θi) ≥ ui(µj(θ); θi).

Definition 2.3. A mechanism µ satisfies equal treatment of equals (ETE) if for all θ ∈ <n+ and

all i, j ∈ N, θi = θj implies that ui(µi(θ); θi) = uj(µj(θ); θj).

Definition 2.4. A mechanism µ satisfies efficiency of decision (EFF) if for all θ ∈ <n+, σ(θ) ∈
E(θ).

Definition 2.5. A mechanism µ is budget balanced (BB) if for all θ ∈ <n+,
∑n

i=1 ti(θ) = 0.

Definition 2.6. A mechanism µ satisfies strategyproofness (SP) if for all i ∈ N , all θi, θ
′
i and all

θN\{i}, ui(µi(θi, θN\{i}); θi) ≥ ui(µi(θ′i, θN\{i}); θi).

6If we assign queue positions to agents in the descending order of their waiting costs, the resulting queue satisfies
(1).
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3. No-envy

The following is a well-known result due to Chun [4].

Proposition 3.1. A mechanisms µ satisfies NE only if it satisfies EFF and ETE.

Proof. Follows from Chun [4]. �

We generalize the above result in the following theorem.

Theorem 3.1. A mechanism µ = (σ, t) satisfies NE if and only if

(a) σ(θ) ∈ E(θ) for all profiles θ,

(b) for every θ and every l ∈ N (n)(σ), there is a number λ(σl(θ), θ) ∈ [0, 1] such that the

transfer to each agent i is given by

(2) ti(θ) =
∑

l∈Pi(σ)

[
λ(σl(θ), θ)θs(l) + (1− λ(σl(θ), θ))θl

]
+ Tσ−1(1)(θ)

where Tσ−1(1) : <n+ → < is any arbitrary function of θ.

Proof. We first show that if a mechanism µ = (σ, t) satisfies (a) and (b) then it satisfies NE.

Consider any agent i. We want to show that ui(µi(θ); θi) ≥ ui(µj(θ); θi). There are two cases:

(i) σi(θ) > σj(θ) and (ii) σi(θ) < σj(θ). Define ∆ij(θ) ≡ ui(µi(θ); θi) − ui(µj(θ); θi). Using (2)

for case (i) we get

∆ij(θ) =
∑

l∈Pi\Pj

[
λ(σl(θ), θ)θs(l) + (1− λ(σl(θ), θ))θl

]
− (σi(θ)− σj(θ))θi

≥
∑

l∈Pi\Pj

θs(l) − (σi(θ)− σj(θ))θi

=
∑

l∈Pi\Pj

(θs(l) − θi)

≥ 0.

For case (ii) we get

∆ij(θ) = −
∑

l∈P ′i\P ′j

[
λ(σp(l)(θ), θ)θl + (1− λ(σp(l)(θ), θ))θp(l)

]
− (σi(θ)− σj(θ))θi

≥ −
∑

l∈P ′i\P ′j

θp(l) + (σj(θ)− σi(θ))θi

=
∑

l∈P ′i\P ′j

(θi − θp(l))

≥ 0.



6 YOUNGSUB CHUN, MANIPUSHPAK MITRA, AND SURESH MUTUSWAMI

To prove the other part, consider any mechanism µ that satisfies no-envy. By Proposition

3.1, we know that σ(θ) ∈ E(θ) which implies condition (a). We now show that condition (b)

must be satisfied. From the definition of a mechanism µ satisfying no-envy it follows that given

any profile θ it is necessary that for any i, j ∈ N (i 6= j),

(NE1) ui(µi(θ); θi) ≥ ui(µj(θ); θi) and

(NE2) uj(µj(θ); θj) ≥ uj(µi(θ); θj).

Expanding both (NE1) and (NE2) and then combining the two we get

(3) (σi(θ)− σj(θ))θi ≤ ti(θ)− tj(θ) ≤ (σi(θ))− σj(θ))θj

From (3) it follows that if for the profile θ, i, j ∈ N are such that j = p(i) then

(4) θi ≤ ti(θ)− tj(θ) ≤ θj .

Therefore, from (4) we get

(5) ti(θ)− tj(θ) = [λ(σj(θ), θ)θi + (1− λ(σj(θ), θ))θj ] , λ(σj(θ), θ) ∈ [0, 1].

Note that λ(., .) depends only on the profile θ and the agent’s queue position (σj(θ)). The reason

is that the (implicit) tie-breaking rule ensures that there is a unique efficient queue for every

profile. So, if θ is known, then we can automatically infer s(j) and p(j) for any given j and

hence, the dependance on i = s(j) is redundant. By setting tl(θ) = Tσ−1(1)(θ) for σl(θ) = 1 and

then solving for the transfers recursively for consecutive queue positions we get (2). �

Remark 3.1. From Chun [4] and from Theorem 3.1 of this paper it is obvious that a mechanism

(σ, t) satisfies NE and BB if and only if for each θ and its associated σ(θ) ∈ E(θ), the transfer

is given by (2) for all i ∈ N and

(6) Tσ−1(1)(θ) = −
∑
l∈N

{(
n− σl(θ)

n

)[
λ(σl(θ), θ)θs(l) + (1− λ(σl(θ), θ))θl

]}
.

3.1. No-envy and strategyproofness. In this sub-section we completely characterize the

class of all mechanisms that satisfy no-envy and strategyproofness. It must be emphasized that

even when we require strategyproofness along with no-envy the choice of tie-breaking rule does

not matter since, NE implies ETE, agents having same waiting costs end up with the same

utility.

Definition 3.1. Call a function f : <n−1
+ → < acceptable if it satisfies the following properties:

(1) f is symmetric, i.e., f(x) = f(y) whenever x and y are permutations of one another; and
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(2) for every x = (x1, . . . , xn) ∈ <n+ such that x1 ≥ x2 ≥ . . . ≥ xn the following inequalities

are satisfied:

∀k, l, k < l : −
l∑

i=k+1

xi − (k − l)xl ≤ f(x−l)− f(x−k) ≤ −
l∑

i=k+1

xi − (k − l)xk.

Remark 3.2. It is not easy giving an intuitive explanation for the inequalities that appear in

the definition of an acceptable function. For the case n = 2, however, one can get a sense of

the restrictions that acceptability imposes. Let x = (x1, x2) with x1 ≥ x2. The above set of

inequalities reduce to

0 ≤ f(x1)− f(x2) ≤ x1 − x2

The first inequality implies that f is a non-decreasing function while the second inequality says

that the secant line joining any two points on on the graph of the f function has a slope less than

or equal to 1. One can see in this simple case that while acceptability does impose restrictions

on a function (strictly decreasing or strictly increasing but strictly convex functions are ruled

out, for instance), there are a number of functions which are consistent with it.

Theorem 3.2. A mechanism (σ, t) satisfies NE and SP if and only if for all profiles θ ∈ <n+,

(1) σ(θ) ∈ E(θ),

(2) for all i ∈ N , ti(θ) = −
∑

j∈P ′i (σ(θ)) θj + f(θN\{i}) where the function f is acceptable.

Proof. : (Necessity) We know from Chun’s result that a mechanism (σ, t) satisfies NE only if it

is efficient and satisfies ETE. Hence σ(θ) ∈ E(θ) for all profiles θ ∈ <n+.

Since the domain of preferences is <n+ is convex, it follows from Hölmstrom’s result on efficient

and strategyproof mechanisms that (σ, t) must be a VCG mechanism. This implies that the

transfers are given by

∀i ∈ N : ti(θ) = −
∑

j∈P ′i (σ(θ))

θj + fi(θN\{i}).

We shall now show that ETE implies that fi is a symmetric function for all i ∈ N . Let θN\{i} and

θ′N\{i} be two profiles (in <n−1
+ ) such that there exist two agents k, j such that (i) θ′j = θk, θ

′
k = θj ,

and (ii) θl = θ′l for all l 6= j, k, i. In other words, the two profiles differ only in that the

announcements of two agents are interchanged. We want to show that fi(θN\{i}) = fi(θ
′
N\{i}).

Suppose not, let x = fi(θN\{i}) 6= fi(θ
′
N\{i}) = y.

Consider the profile (θj , θN\{i}) ∈ <n+ where i and j announce θj and the other agents an-

nounce θN\{i,j}. Using ETE between i and j, it follows that

(7) fi(θN\{i}) = fj(θj , θN\{i,j}) = x.
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Next, consider the profile (θj , θk, θN\{i,j}) where i announces θj , j and k announce θk and the

others announce θN\{i,j,k}. Using ETE between j and k, it follows that

(8) fj(θj , θN\{i,j}) = fk(θj , θk, θN\{i,j,k}).

It follows that from the above two equations that

(9) fk(θj , θk, θN\{i,j,k}) = x.

Now, consider the profile (θk, θN\{i}) where i and k announce θk and the rest announce

θN\{i,k}. Using ETE between i and k, we obtain

(10) fi(θN\{i}) = fk(θk, θN\{i,k}) = x.

It follows from the previous two equations that

(11) fk(θj , θk, θN\{i,j,k}) = fk(θk, θj , θN\{i,j,k}) = x.

Now starting from θ′N\{i}, we can do the same analysis to obtain

(12) fk(θj , θk, θN\{i,j,k}) = fk(θk, θj , θN\{i,j,k}) = y.

This gives us the contradiction. The point then is that interchanging the announcements of

two agents cannot change fi.

Now let θN\{i} and θ′N\{i} be two arbitrary permutations of one another. It is easy to see

that we can get from one profile to any permutation of the profile by interchanging sequentially

the announcements of two agents in at most n − 2 steps.7 From the above analysis, fi cannot

change at any step and hence, we must have fi(θN\{i}) = fi(θ
′
N\{i}).

Note that ETE implies that for all i, j ∈ N, i 6= j, fi(θj , θN\{i,j}) = fj(θi, θN\{i,j}) if θi = θj .

This along with symmetry implies that all the fi functions are the same and so we can put

fi = f for all i.

To complete the proof of necessity, we derive the implications of no envy. Let θ be a profile such

that θ1 ≥ θ2 ≥ . . . ≥ θn. Assume, without loss of generality, that σi(θ) = i. Let k, l ∈ N, k < l.

For agent k to not envy agent l, it must be the case that

(13) −(k − 1)θk −
n∑

j=k+1

θj + f(θN\{k}) ≥ −(l − 1)θk −
n∑

j=l+1

θj + f(θN\{l})

7Let θ, θ′ ∈ <n be permutations of one another. First, find θk such that θk = θ′1. Construct the profile θ̂1 such

that θ̂11 = θk, θ̂
1
k = θ1 and θ̂1j = θj for j 6= 1, k. Then proceed to θ2 and so on. At the end of step j, the first j

components of θ̂j must coincide with θ′ and hence, in at most n− 1 steps we would have moved from θ to θ′.
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or f(θN\{l})− f(θN\{k}) ≤ −
∑l

j=k+1 θj − (k− l)θk. On the other hand, for agent l to not envy

agent k, we must have

(14) −(l − 1)θl −
n∑

j=l+1

θj + f(θN\{l}) ≥ −(k − 1)θl −
n∑

j=k+1

θj + f(θN\{k})

or f(θN\{l})− f(θN\{k}) ≥ −
∑l

j=k+1 θj − (k − l)θl. Combining the two inequalities gives us

(15) −
l∑

j=k+1

θj − (k − l)θl ≤ f(θN\{l})− f(θN\{k}) ≤ −
l∑

j=k+1

θj − (k − l)θk.

Note that the symmetry of the f function implies that it is sufficient to look at profiles θ such

that θ1 ≥ . . . ≥ θn.

The sufficiency is obvious and hence omitted. �

3.2. E∗-VCG mechanisms. We now define a sub-class of VCG mechanisms that are of interest

because they are simple and have nice strategic properties.

Definition 3.2. A mechanism (σ, tλ) is an E∗-VCG mechanism if for any profile θ ∈ <n+,

σ(θ) ∈ E(θ) and for any i ∈ N ,

(16) tλi (θ) =
∑
l∈Pi

[1− λ(σl(θ))] θl −
∑
l∈P ′i

λ(σl(θ)− 1)θl + c

where c ∈ < and λ = (λ(1), . . . , λ(n − 1)) is a row vector such that λ(r) ∈ [0, 1] for all r ∈
{1, . . . , n− 1}.

Proposition 3.2. Any E∗-VCG mechanism (σ, tλ) satisfies NE and SP.

Proof. For any given E∗-VCG mechanism (σ, tλ), it follows that for all i ∈ N ,

(17) tλi (θ) = −
∑

j∈P ′i (σ(θ))

θj + fλ(θN\{i}), fλ(θN\{i}) =
∑

j∈N\{i}

[1− λ(σj(θN\{i}))]θj .

It is easy to verify that the function fλ(θN\{i}) =
∑

j∈N\{i}
[1 − λ(σj(θN\{i}))]θj is acceptable.

Therefore, given Theorem 3.2, from condition (17) the result follows. �

We now analyze some interesting mechanisms from the class of E∗-VCG mechanisms.

3.3. Pivotal and Reward-based pivotal mechanisms. The pivotal mechanism is an im-

portant one and appears in many contexts. In the queueing context, one can also define its

“inverse.” The two mechanisms are defined as follows.

Definition 3.3. The Pivotal mechanism (σ, t1) is such that for all θ ∈ <n+, σ(θ) ∈ E(θ) and

(18) t1i (θ) = −
∑

j∈P ′i (σ(θ))

θj for all i ∈ N.
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Definition 3.4. The reward-based pivotal mechanism (σ, t0) is such that for all θ ∈ <n+, σ(θ) ∈
E(θ) and

(19) t0i (θ) =
∑

j∈Pi(σ(θ))

θj for all i ∈ N.

In an E∗-VCG mechanism (σ, tλ) if we set λ = (λ(1) = 1, . . . , λ(n − 1) = 1) ≡ 1, we get the

pivotal mechanism (σ, t1) and if we set λ = (λ(1) = 0, . . . , λ(n− 1) = 0) ≡ 0 we get the reward

based pivotal mechanism (σ, t0).

3.3.1. Characterizations. We provide characterizations of the pivotal and the reward-based piv-

otal mechanisms using independence axioms that were introduced by Chun [5] and Maniquet

[14]. We introduce these axioms now.

Suppose that an agent’s waiting cost changes. One could take two different perspectives with

regards to how the allocation should be affected by this change: (i) an increase in an agent’s

waiting cost would affect his predecessors, but not his followers, or (ii) a decrease in an agent’s

waiting cost would affect his followers, but not his predecessors. Independence of preceding costs

(Maniquet [14]) requires that an increase in an agent’s waiting cost should not affect the agents

following him. On the other hand, independence of following costs (Chun [5]) requires that a

decrease in an agent’s waiting cost should not affect the agents preceding him.

Definition 3.5. A mechanism µ satisfies independence of preceeding costs (or IPC) if for all θi,

θ′i, θN\{i} such that θ′i > θi and σi(θ) = σi(θ
′
i, θN\{i}), ul(µ(θ), θl) = ul(µ(θ′i, θN\{i}), θl) for all

l ∈ P ′i (σ(θ)).

Definition 3.6. A mechanism µ satisfies independence of succeeding costs (or ISC) if for all θi,

θ′i, θN\{i} such that θ′i < θi and σi(θ) = σi(θ
′
i, θN\{i}), ul(µ(θ), θl) = ul(µ(θ′i, θN\{i}), θl) for all

l ∈ Pi(σ(θ)).

The following is a mild regularity condition on the transfers saying that if all agents have zero

waiting costs, then their utility from the mechanism should also be zero.

Definition 3.7. A mechanism µ satisfies the zero transfer condition (or ZTC) if θ = (θ1 =

0, . . . , θn = 0) ≡ 0 implies that for all i ∈ N, ui(µi(θ), θi) = 0.

It is obvious that the pivotal mechanism satisfies NE, SP, IPC, and the reward-based pivotal

mechanism satisfies NE, SP, and ISC.

The following is our characterization result on the pivotal and the reward-based pivotal mech-

anisms. Since the uniqueness part of the proof can be obtained by weakening NE to EFF and

ETE, we will prove the theorem by imposing EFF and ETE.
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Theorem 3.3.

(1) The pivotal mechanism (σ, t1) is the only mechanism that satisfies EFF, ETE, SP, IPC,

and ZTC.

(2) The reward-based pivotal mechanism (σ, t0) is the only mechanism that satisfies EFF,

ETE, SP, ISC, and ZTC.

Proof. We first prove (1). Let {x1, . . . , xn} be a set of positive real numbers such that x1 > · · · >
xn. For each r ∈ {1, . . . , n}, define the profile θr as θr = (θr1 = xn+1−r, θ

r
2 = xn+2−r, . . . , θ

r
r−1 =

xn−1, θ
r
r = xn, . . . , θ

r
n = xn). We begin with θ1 = (xn, . . . , xn). By ETE, for all i ∈ N,

ti(θ
1) = −(n−i)xn+c with c ∈ <. Now consider θ2 = (xn−1, xn, . . . , xn). By EFF, σ(θ2) = σ(θ1).

By SP, t1(θ2) = t1(θ1), and by IPC, for all i ≥ 2, ti(θ
2) = ti(θ

1) = −(n− i)xn + c.

To derive the transfer for θ3 = (xn−2, xn−1, xn, . . . , xn), consider θ̄2 = (xn−1, xn−1, xn, . . . , xn).

By EFF, σ(θ̄2) = σ(θ2). By SP, t2(θ̄2) = t2(θ2), and by IPC, for all i ≥ 3 ti(θ̄
2) = ti(θ

2) =

−(n − i)xn + c. By ETE, t1(θ̄2) = −xn−1 + t2(θ̄2) = −xn−1 − (n − 2)xn + c. Now we go back

to θ3. Once again, by EFF, σ(θ3) = σ(θ̄2). By SP, t1(θ3) = t1(θ̄2), and by IPC, for all i ≥ 2,

ti(θ
3) = ti(θ̄

2) = −(n− i)xn, which together imply that t1(θ3) = −xn−1 − (n− 2)xn + c and for

all i ≥ 2, ti(θ
3) = −(n− i)xn + c.

Similarly, to obtain the transfer for θ4 = (xn−3, xn−2, xn−1, xn, . . . , xn), consider the following

three profile θ̄3 = (xn−1, xn−1, xn−1, xn, . . . , xn), θ̂3 = (xn−2, xn−1, xn−1, xn, . . . , xn), and θ̃3 =

(xn−2, xn−2, xn−1, xn, . . . , xn). By applying a similar argument sequentially between θ3 and θ̄3,

θ̄3 and θ̂3, θ̂3 and θ̃3, and θ̃3 and θ4, we obtain the desired conclusion.

Continuing this way we arrive at θn ≡ θ and conclude that for all i ∈ N, ti(θ) = −
∑

l∈P ′i (σ(θ))

xl+

c. Finally, by applying ZTC, we have c = 0. Therefore, for all θ, we have proved the necessity

of the pivotal mechanism. Since ETE is a restriction on utilities the tie breaking rule does

not matter as the utility number of any two agents having equal waiting cost can be written

interchangeably. It is easy to check that the pivotal mechanism satisfies all the four axioms.

On the other hand, to prove (2), consider the set of positive real numbers {x1, . . . , xn} such

that x1 > . . . > xn. For each r ∈ {1, . . . , n} define the profile θr as θr = (θr1 = x1, . . . , θ
r
r =

x1, θ
r
r+1 = x2, . . . , θ

r
n−1 = xn−r, θ

r
n = xn−r+1). We begin with θn = (x1, . . . , x1). By ETE, for

all i ∈ N, ti(θ
n) = (i − 1)x1 + c with c ∈ <. Now consider θn−1 = (x1, . . . , x1, x2). By EFF,

σ(θn−1) = σ(θn). By SP, tn(θn−1) = tn(θn), and by ISC, for all i ≤ n − 1, ti(θ
n−1) = ti(θ

n) =

(i− 1)x1 + c.

To derive the transfer for θn−2 = (x1, . . . , x1, x2, x3), we introduce θ̄n−1 = (x1, . . . , x1, x2, x2).

By EFF, σ(θ̄n−1) = σ(θn−1). By SP, tn−1(θ̄n−1) = tn−1(θn−1), and by ISC, for all i ≤ n − 2,

ti(θ̄
n−1) = ti(θ

n−1) = (i− 1)x1 + c. By ETE, tn(θ̄n−1) = x2 + tn−1(θ̄n−1) = (n− 2)x1 + x2 + c.

Now we go back to θn−2. Once again, by EFF, σ(θn−2) = σ(θ̄n−1). By SP, tn(θn−2) = tn(θ̄n−2),
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and by ISC, for all i ≤ n− 1, ti(θ
n−2) = ti(θ̄

n−1) = (i− 1)x1 + c, which together imply that for

all i ≤ n− 1, ti(θ
n−2) = (i− 1)x1 + c and tn(θn−2) = (n− 2)x1 + x2 + c.

Continuing this way, by following steps similar to the previous proof we arrive at θ1 ≡ θ

and conclude that for all i ∈ N, ti(θ) =
∑

l∈Pi(σ(θ))

xl + c. Finally, by applying ZTC, we have

c = 0. Therefore, for all θ, we have proved the necessity of the reward-based pivotal mechanism.

Moreover, ETE is a restriction on utilities and hence the tie breaking rule does not matter. It

is easy to check that the reward-based pivotal mechanism satisfies all the four axioms. �

3.4. Symmetrically balanced VCG mechanism. Consider the queueing modelG = (N,<+)

with n ≥ 3. Consider the E∗-VCG mechanism (σ, tλ
∗
) for which λ∗ = (λ∗(1), . . . , λ∗(n − 1)) is

such that λ∗(r) = n−r−1
n−2 , r ∈ {1, . . . , n− 1}. Given this specification we get that for all θ ∈ <n+

and all i ∈ N , the transfer has the following form:

(20) tλ
∗
i (θ) =

∑
l∈Pi(σ(θ))

(
σl(θ)− 1

n− 2

)
θl −

∑
l∈P ′i (σ(θ))

(
n− σl(θ)
n− 2

)
θl

We refer to the mechanism (σ, tλ
∗
) as the symmetrically balanced VCG mechanism. For any

i ∈ N and a profile θN\{i} ∈ <n−1
+ with σ(θN\{i}) ∈ E(θN\{i}), the corresponding f(θN\{i}) is

given by

(21) f(θN\{i}) =
∑

j∈N\{i}

(
σj(θN\{i})− 1

n− 2

)
θj .

One can easily verify that the transfer given by (20) satisfies budget balance. Kayi and

Ramaekers [13] show that the symmetrically balanced VCG mechanism is the only mechanism

that satisfies no-envy, strategyproofness, and budget balance. We now use Theorem 3.2 to give

an alternate proof of their result.

Theorem 3.4 (Kayi and Ramaekers [13]). Let n ≥ 3. A mechanism (σ, t) satisfies no envy,

strategyproofness and budget balance if and only if it is the symmetrically balanced VCG mech-

anism.

Proof. Since the sufficiency is fairly clear, we shall only show the necessity here. If θ is such that

θ1 ≥ θ2 ≥ . . . ≥ θn (n ≥ 3) then, using Theorem 3.2, budget balance requires that8

(22)
∑
i∈N

f(θN\{i}) =
∑
i∈N

(i− 1)θi

Let x1 ≥ x2 ≥ · · · > xn−1 ≥ 0.

8Here σ(θ) ∈ E(θ) and, without loss of generality, we have assumed that σi(θ) = i for all i ∈ N .
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Step 0: Consider θ0 where θ0
i = xn−1 for all i ∈ N . Using (22) we get

(23) nf(xn−1, . . . , xn−1) =
n(n− 1)

2
xn−1

which implies that

(S0) f(xn−1, . . . , xn−1) =

(
n− 1

2

)
xn−1.

Step 1: Consider θ1 where θ1
1 = x1 and θ1

i = θ0
i for all i ∈ N \ {1}. Using (22) we get

(24) f(xn−1, . . . , xn−1) + (n− 1)f(x1, xn−1, . . . , xn−1) =

(
n− 1

2

)
xn−1.

Using (S0) it follows that

(S1) f(x1, xn−1, . . . , xn−1) =

(
n− 1

2

)
xn−1.

Step 2: Consider θ2 where θ2
2 = x2 and θ2

i = θ1
i for all i ∈ N \ {2}. Using (22) we get

(25)
2∑
j=1

f(xj , xn−1, . . . , xn−1) + (n− 2)f(x1, x2, xn−1, . . . , xn−1) = x2 +

(
n(n− 1)

2
− 1

)
xn−1.

Using (S1) we get

(S2) f(x1, x2, xn−1, . . . , xn−1) =

(
1

n− 2

)
x2 +

n(n− 3)

2(n− 2)
xn−1.

We continue this way for k = 3, . . . , n− 1. At Step k, the profile is θk such that θkk = xk and

θki = θk−1
i for all i ∈ N \ {k}. Simplifying Step k using (S{k-1}) of Step (k-1) we get

(Sk) f(x1, . . . , xk, xn−1, . . . , xn−1) =
k∑
r=1

(
r − 1

n− 2

)
xr +

(n+ k − 2)(n− k − 1)

2(n− 2)
xn−1.

By sequentially simplifying all k steps till k = n− 1 we obtain

(26) f(x1, x2, . . . , xn−1) =
n−1∑
k=1

(
k − 1

n− 2

)
xk.

�

3.5. k-pivotal mechanisms. Mitra and Mutuswami [16] generalize the idea of the pivotal

mechanism and introduce a class of mechanisms called k-pivotal mechanisms.
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Definition 3.8. A mechanism (σ, t̄k) is a k-pivotal mechanism if for each θ ∈ <n+, σ(θ) ∈ E(θ)

and there exists k ∈ {1, . . . , n} such that the transfers at every profile θ are given by

t̄ki (θ) =


−
∑

j:σi(θ)<σj(θ)≤k θj if σi(θ) < k,

0 if σi(θ) = k,∑
j:k≤σj(θ)<σi(θ)

θj if σi(θ) > k.

It is easy to verify that both the pivotal and the reward-based pivotal mechanisms are k-

pivotal mechanisms.9 The following proposition shows that the k-pivotal mechanisms are E∗-

VCG mechanisms.

Proposition 3.3. A k-pivotal mechanism is a E∗-VCG mechanism.

Proof. Consider the subset of E∗-VCG mechanisms {(σ, t1A(k))}nk=1 where eachA(k) = (ar(k))n−1
r=1

is an (n − 1) × (n − 1) diagonal matrix such that ar(k) = 0 if r < n + 1 − k and ar(k) = 1 if

r ≥ n + 1 − k. Observe that 1A(1) = 0 and hence for k = 1 we get the reward-based pivotal

or 1-pivotal mechanism, that is, (σ, t1A(1)) = (σ, t0) = (σ, t̄1). Similarly, 1A(n) = 1 and hence

for k = n we get the pivotal or n-pivotal mechanism, that is, (σ, t1A(n)) = (σ, t1) = (σ, t̄n). One

can easily verify, in general, (σ, t1A(k)) = (σ, t̄k) for all k ∈ {1, . . . , n}. Therefore, any k-pivotal

mechanism is an E∗-VCG mechanism. �

Remark 3.3. Since Proposition 3.2 shows that E∗-VCG mechanisms satisfy NE, it follows that

k-pivotal mechanisms satisfy NE.

The significance of the k-pivotal mechanisms stems from the fact that they are immune to a

particular form of group deviation. Say that the profiles θ and θ′ are S-variants if θi = θ′i for

all i ∈ N\S.

Definition 3.9. A mechanism (σ, t) is weak group strategyproof (or WSP) if for all S-variants

θ, θ′, ui(σi(θ), ti(θ), θi) ≥ ui(σi(θ′), ti(θ′), θi) for at least one i ∈ S.

A mechanism is weak group strategyproof if there is no deviation by a group making all devi-

ating members strictly better-off. This concept has been applied by, among others, Bogomolnaia

and Moulin [?], Moulin and Shenker [18] and Mutuswami [?]. Mitra and Mutuswami [16] show

that the k-pivotal mechanisms are weak group strategyproof.

4. Egalitarian Equivalence

Pazner and Schmeidler [21] introduce a notion of equity, called egalitarian-equivalence, that

relies on the idea that all individuals should be placed in a situation which is Pareto-indifferent

to a reference allocation.

9The pivotal mechanism corresponds to k = n and the reward-based pivotal mechanism corresponds to k = 1.
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Definition 4.1. A mechanism µ is egalitarian equivalent (EE) if for all θ ∈ <n+, there exists

a queue position σ0(θ) and a transfer t0(θ) such that for all i ∈ N, −(σi(θ) − 1)θi + ti(θ) =

−(σ0(θ)− 1)θi + t0(θ).

4.1. Egalitarian equivalence and no-envy. In the queueing problems if we add no-envy

along with egalitarian equivalence, we end up with a negative result.

Proposition 4.1. If n ≥ 4, then NE and EE are incompatible.

Proof. Let µ be mechanism satisfying EE and NE. By EE, at every θ ∈ <n+, there exists

(σ0(θ), t0(θ)) such that −(σi(θ)− 1)θi + ti(θ) = −(σ0(θ)− 1)θi + t0(θ) for all i ∈ N . Rewriting

this, we get that ti(θ) = (σi(θ)− σ0(θ))θi + t0(θ) for all i ∈ N .

Let θ be a profile such that θ1 > · · · > θn. Choose i, j such that σi(θ) = σj(θ) + 1. Since NE

implies EFF, note that this implies that θj > θi. Using condition (5) in Theorem 3.1 it follows

that θi ≤ ti(θ) − tj(θ) ≤ θj . Using the expressions for the transfers obtained in the previous

paragraph and noting that σi(θ) = σj(θ) + 1, it follows that

(27) 0 ≤ (σ0(θ)− σj(θ))(θj − θi) ≤ θj − θi

It follows from the above that 0 ≤ σ0(θ)− σj(θ) ≤ 1. Note now that the selection of i and j has

been arbitrary except for the fact that i is the immediate successor of j in the queue σ(θ). We

can thus select j to be any agent such that σj(θ) ∈ {1, . . . , n−1}. (Then, i will be the immediate

successor.) By choosing σj(θ) = 1, we obtain 0 ≤ σ0(θ) − 1 ≤ 1 which implies σ0(θ) ∈ {1, 2}.
By choosing σj(θ) = n − 1 we obtain σ0(θ) ∈ {n − 1, n}. The two restrictions on σ0(θ) are

incompatible except when n ∈ {2, 3}. �

The above proposition is a generalization of Chun’s [4] result since budget balance is not imposed.

As shown in Chun [4], NE and EE are compatible when n = {2, 3} even if budget balance is

additionally required.

4.2. Egalitarian equivalence, strategyproofness and efficiency. We completely charac-

terize the set of mechanisms satisfying EE, SP and EFF. It follows from the previous subsection

that this sub-class of VCG mechanisms are different from the sub-class of mechanisms satisfying

NE and SP.

With EE the choice of the reference bundle (σ0(θ), t0(θ)) can potentially change across profiles.

However, the following theorem shows that if we impose SP and EFF along with EE then we have

only one degree of freedom in choosing the reference bundle. In particular once σ0 is selected

for a non-zero profile, then we must select the same σ0 for all non-zero profiles. Furthermore,

the transfers t0(θ) are determined upto a type independent constant.



16 YOUNGSUB CHUN, MANIPUSHPAK MITRA, AND SURESH MUTUSWAMI

Theorem 4.1. A mechanism (σ, t) satisfies EE, SP and EFF if and only if the reference bundle

for the profile θ ∈ <n+ is of the form (σ0(θ), t0(θ)) where t0(θ) =
∑
i∈N

(σ0(θ) − σi(θ))θi + c and

c ∈ <. Moreover, σ0(θ) = σ0(θ′) for all θ, θ′ ∈ <N+ \ {(0, . . . , 0)}.

Proof. Let θ ∈ <n+ be such that θ1 > θ2 > · · · > θn. Suppose (σ0(θ), t0(θ)) is the reference bundle

for this profile. For egalitarian equivalence, strategyproofness and efficiency to hold together,

the following condition must hold for all i ∈ N :

−(σi(θ)− 1)θi −
∑

j∈P ′i (σ)

θj + gi(θN\{i}) = −(σ0(θ)− 1)θi + t0(θ).

The left-hand side of the above expression is the utility from a VCG mechanism and the right

hand side is the utility from the egalitarian equivalence requirement. We can write the above as

t0(θ) = (σ0(θ)− σi(θ))θi −
∑

j∈P ′i (σ)

θj + gi(θN\{i}).

Putting i = 1 into the above we get

t0(θ) = (σ0(θ)− 1)θ1 −
∑
j≥2

θj + g1(θN\{1}).

Similarly, for i = 2, we get

t0(θ) = (σ0(θ)− 2)θ2 −
∑
j≥3

θj + g2(θN\{2}).

Equating the two expressions for t0(θ) we get

(σ0(θ)− 1)θ1 + g1(θN\{1}) = (σ0(θ)− 1)θ2 + g2(θN\{2}).

Since g1(.) does not depend on θ1 and g2(.) does not depend on θ2, it now follows that

g1(θN\{1}) = (σ0(θ)− 1)θ2 + f1(θN\{1,2})

and

g2(θN\{2}) = (σ0(θ)− 1)θ1 + f2(θN\{1,2}).

Now comparing the expressions for t0(θ) for agents 1 and 3 and using the above expression for

g1(.), we get

(σ0(θ)− 1)θ1 −
∑
j≥2

θj + (σ0(θ)− 1)θ2 + f1(θN\{1,2}) = (σ0(θ)− 3)θ3 −
∑
j≥4

θj + g3(θN\{3}).

This reduces to

(σ0(θ)− 1)θ1 + (σ0(θ)− 2)θ2 + f1(θN\{1,2}) = (σ0(θ)− 2)θ3 + g3(θN\{3}).

Comparing the expressions on both sides as before, we get

g1(θN\{1}) = (σ0(θ)− 1)θ2 + (σ0(θ)− 2)θ3 + f ′1(θN\{1,2,3})
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and

g3(θN\{3}) = (σ0(θ)− 1)θ1 + (σ0(θ)− 2)θ2 + f3(θN\{1,2,3}).

We can do this argument repeatedly to get

g1(θN\{1}) =
∑
j≥2

(σ0(θ)− j + 1)θj + c

Or, denoting the efficient queue for N \ {i} by σ(θN\{i}) we can write the above as

g1(θN\{1}) =
∑
j 6=1

(σ0(θ)− σj(θN\{1})θj + c.

In fact, it is not difficult to see that the above expression holds for all i, and hence we have

gi(θN\{i}) =
∑
j 6=i

(σ0(θ)− σj(θN\{i}))θj + c.

Substituting for g1(.) in the expression for t0(θ) it follows that

t0(θ) =
∑
i∈N

(σ0(θ)− σi(θ))θi + c.

We have thus shown that a mechanism satisfies EE, SP and EFF only if the reference bundle

for a given profile θ is (σ0(θ), t0(θ)) where σ0(θ) is an arbitrary queue position and t0(θ) =∑
i∈N (σ0(θ) − σ∗i (θ))θi + c where c is a constant. To complete the proof we show that for

two different non-zero profiles θ and θ′, the queue position in the reference bundle remains

unchanged.10

Step 1: Let θ and θ′ be i-variants such that θj 6= 0 for some j 6= i and let (σ0, t0) and (σ′0, t
′
0)

be the corresponding reference bundles. Then σ0 = σ′0.

Proof. Note that θN\{i} = θ′N\{i}. Denote the efficient queue in N \ {i} for σN\{i} by σ̄. We

have

(28) gi(θN\{i}) =
∑

j∈N\{i}

(σ0 − σ̄j)θj + c = gi(θ
′
N\{i}) =

∑
j∈N\{i}

(σ′0 − σ̄j)θj + c

Hence,

(29)
∑

j∈N\{i}

(σ0 − σ′0)θj = 0

It follows that σ0 = σ′0 if θj 6= 0 for some j 6= i. This completes the proof of Step 1.

10When θ = (0, . . . , 0), the choice of queue position is irrelevant. For any value of σ0, we will have t0 = c. The
utility of all agents will be c.
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Now suppose θ and θ′ are arbitrary non-zero profiles. Define S = {i ∈ N | θi 6= 0} and

S′ = {i ∈ N | θ′i 6= 0}. Since θ and θ′ are non-zero profiles, we must have |S| ≥ 1 and |S′| ≥ 1.

Let K = |S ∪ S′|.

Step 2: Suppose K ≥ 2. Then, σ0 = σ′0.

Observe that the restriction K ≥ 2 rules out the possibility that the same agent has positive

waiting cost in both profiles and everybody else has zero.

Proof. The agents in S ∪S′ can be partitioned into those belonging to S′ \S, S ∩S′ and S \S′.
(Some of these sets could be empty sets.) We construct an order on the set of agents in S ∪ S′

satisfying the following two conditions.

(1) i � j if i ∈ S′ \ S and j 6∈ S′ \ S,

(2) i � j if i ∈ S ∩ S′ and j ∈ S \ S′.

In words, agents in S′ \ S take priority over others; then come those in S ∩ S′ and finally those

in S \ S′. Denote the order as j1 � · · · � jK . Construct a sequence θ = θ1, θ2, . . . , θK+1 = θ′ as

follows. For k = 1, . . . ,K, the profiles θk and θk+1 are related as follows:

θk+1
i =

{
θ′i if i = jk,

θki otherwise.

What we are doing here is moving from θ to θ′ by changing the announcements of agents,

one at a time in the above mentioned order. We claim that for each k = 1, . . . ,K, θki 6= 0 for

some i 6= jk. To see this, suppose first that |S′ \ S| = l > 0. Since |S| ≥ 1, either S \ S′ 6= ∅
or S ∩ S′ 6= ∅. Choose any j∗ ∈ (S ∩ S′) ∪ (S \ S′). Then, for each k = 1, . . . , l, the claim is

satisfied with i = j∗. Note that θl+1
i 6= 0 for all i ∈ S′ \S. Hence, for k = l+ 1, . . . ,K, the claim

is satisfied by choosing any i ∈ S′ \ S.

If S′ \ S = ∅, then |S ∩ S′| = l′ > 0 since |S′| ≥ 1. If S \ S′ = ∅, then |S ∩ S′| ≥ 2, since

K ≥ 2. In this case, the claim is satisfied since at any stage k = 1, . . . , l′ at least two agents have

non-zero announcements. If S \S′ 6= ∅, then the claim is satisfied by choosing any i ∈ S \S′ for

k = 1, . . . , l′ and any j ∈ S ∩ S′ for k = l′ + 1, . . .K.

We have shown that each step of the sequence, the condition for application of Step 1 is

satisfied. It follows therefore that σ0 = σ′0. This completes the proof of Step 2.

Step 3: Suppose K = 1. Then, σ0 = σ′0.

Proof. Here K = 1 corresponds to the scenario where there exists an agent j such that θj >

0, θ′j > 0 and θi = 0 for all i 6= j. In this case, choose any i 6= j and θi > 0. Let θ̄ =

(θi, θj , 0, . . . , 0) and ¯̄θ = (θi, θ
′
j , 0, . . . , 0). Let (σ̄0, t̄0) and (¯̄σ0, ¯̄t0) be the corresponding reference
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bundles. Applying Step 2 to the profiles θ̄ and ¯̄θ, it follows that σ̄0 = ¯̄σ0. Applying Step 2 to

θ̄ and θ, it follows that σ̄0 = σ0. Finally, applying Step 2 to ¯̄θ and θ′, it follows that ¯̄σ0 = σ′0.

Putting everything together, we get σ0 = σ′0. This completes the proof of Step 3.

It therefore follows that a mechanism satisfies EE, SP and EFF only if the reference bundle

for the profile θ is of the form (σ0, t0(θ)) where t0(θ) =
∑

i∈N (σ0 − σ∗i (θ))θi + c. Moreover σ0

has to be the same for all profiles (except possibly the zero profile). The constant c is a profile

independent transfer.

The sufficiency is fairly obvious and hence omitted. �

4.3. Budget balance and weak group strategyproofness. What happens if we impose

either BB or WSP in addition to EE, SP and EFF? We provide a negative answer in the

following proposition.

Proposition 4.2.

(A1) No mechanism satisfies EE, SP, EFF and BB.

(A2) For n ≥ 3, no mechanism satisfies EE, SP, EFF and WSP.

Proof. From the definition of EE it follows that a mechanism (σ, t) satisfies EE only if for all

θ ∈ <n+ and all i ∈ N ,

(30) ti(θ) = −(σ0(θ)− σi(θ))θi + t0(θ).

Using the restrictions on the reference bundle (imposed by Theorem 4.1) in condition (30) it

follows that a mechanism (σ, t) satisfies EE, SP and EFF only if for all θ ∈ <n+ and all i ∈ N ,

(31) ti(θ) =
∑

j∈N\{i}

(σ0 − σj(θ))θj + c, σ0 ∈ {1, . . . , n}.

Applying BB to (31) and then simplifying it we obtain that for all θ ∈ <n+,

(32) B(θ;σ0) ≡
∑
j∈N

(σj(θ)− σ0)θj =
nc

n− 1
.

From (32) the required impossibility in (A1) follows since, no matter what σ0 is, we can always

get θ, θ′ ∈ <n+ such that B(θ;σ0) 6= B(θ′;σ0) while the right hand side of (32) is always a constant.

To prove (A2) consider a mechanism (σ, t) satisfying EE, SP and EFF. From Theorem 4.1 it

follows that, given θ ∈ <n+, the reference bundle is

(
σ0, t0(θ) =

∑
j∈N

(σ0 − σj(θ))θj + c

)
and the

allocation of agent i is(
σi(θ), ti(θ) =

∑
j∈N\{i}

(σ0 − σj(θ))θj + c

)
. Consider two profiles θ and θ′ such that θ1 > . . . > θn

and, for all i ∈ N , θ′i = θi + x such that x > 0 and θ′i ∈ (θi, θi−1) for all i ∈ {2, . . . , n}. By fixing
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σ0 at different queue positions we argue that in each case we have a violation of WSP by using

the profiles θ and θ′ constructed above.

Case 1: σ0 = 1. Let
(
θ′2, θ

′
3, θN\{2,3}

)
be the true profile. We can check that agents 2 and 3 can

profitably manipulate via the misreports θ2 and θ3.

Case 2: σ0 = n. Let θ be the true profile. Here agents n−2 and n−1 can profitably manipulate

via the misreports θ′n−1 and θ′n−2.

Case 3: σ0 6= {1, n}. Let
(
θ′σ0+1, θN\{σ0+1}

)
be the true profile. In this case agents σ0 − 1 and

σ0 + 1 can manipulate profitably via the misreports θ′σ0−1 and θσ0+1. �

5. Summary and Conclusions

The strategic and normative approaches look at different aspects of the same problem. In this

paper, we have taken a step towards integrating the two approaches by investigating mechanisms

which have both nice strategic properties and nice equity properties.

We have completely characterized the class of no-envy mechanisms as well as the class satis-

fying no-envy and strategyproofness. We have identified a subclass of mechanisms that satisfy

no-envy and strategyproofness that we call E∗-VCG mechanisms. We show that this subclass

contains many mechanisms which satisfy other properties of interest such as budget balance or

weak group strategyproofness.

We show that no-envy is generically incompatible with egalitarian equivalence. Furthermore,

even though the set of egalitarian equivalent, strategyproof and decision efficient mechanisms is

non-empty, the mechanisms in that set fail to satisfy either budget balance or stronger notions

of non-manipulability. In summary, we can say that no-envy as an equity concept is compatible

with a broader range of other properties that may also be of interest.
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